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fundamental result for the classification of X-rays with, ordinary radiation, at 
that time doubtful. 

Barkla's other kind of secondary emission is characteristic of the secondary 
radiator, and is accompanied by selective absorption of the primary rays. He 
showed that each chemical element emitted more than one definite kind of 
secondary fluorescent radiation. Concentrating attention on, say, the less 
penetrating kind, it was found to vary in quality by definite steps with the 
atomic weight of the secondary radiator. 

These results have been confirmed and extended by others since the 
discovery of the diffraction of X-rays by crystals. This, of course, in no way 
detracts from the merit of the original discoveries made without this 
powerful assistance. 
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1. Although many results are known concerning the zeros of Bessel 
functions,^" the greater number of these results are of practical importance 
only in the case of functions of comparatively low order. 

For example, McMahon has given a f ormulaf for calculating the zeros of 
the Bessel function Sn{^), namely that, if hi, h^, hz, ..., are the positive zeros^ 
arranged in ascending order of magnitude, then 

'^'^ 8^ 3 . (8/3)^ •'•' 

where /3 = ^ tt (2n + 4s— 1). 

Now, this formula is derived from HankeFs well-known asymptotic expan- 
sion of Jn(^), and the expansion is available for numerical calculations only 
when 8x is large compared with 4n^ ; and so McMahon's formula fails to fulfil 
its purpose in the case of the smaller zeros of functions of high order, which 
are frequently of more importance from the physical point of view than the 
larger zeros of these functions. 

It is, however, possible to obtain a number of quite general existence 

* See Gray and Mathews, 'Bessel Functions,' pp. 34-50, 241-244; Whittaker and 
Watson, ' Modern Analysis,' Ch. XVII. 

t * Annals of Math.,' vol. 9, pp. 23-30 (1894). 
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theorems and descriptive properties concerning Bessel functions of any order ; 
and these results, unlike results obtained by the more classical methods, are 
of peculiar importance in connection with functions of high order. The 
theorems in question are derived by a consideration of certain contour 
integrals which arose* in Debye's investigations of asymptotic expansions of 
Bessel functions by the method of steepest descents. 

2. As it will be necessary to introduce Bessel functions of the second kind, 
for which various notations are employed, it is convenient to state here the 
relations connecting the several functions of the second kind with the 
fundamental functions S ^ri{^)- When n is an integer, the limiting forms of 
the relations are to be taken. 

Hankel's function Y«(a?) is definedf by the equation 

Y„(^) = 27re^''*{cos^i7r . Jw(a?)— J-.^j(a^)} cosec2?i7r, 
and the functions Tn{x), G«(^) are connected with it by the relations| 

TTTn{x) — — 2G^(a?) =;6"^'''*COS'^^7^ . Ynix). 

The two Hankel-Melsen functions H^^^>(^), H^^^)(^'), which form a funda- 
mental pair of solutions of BesseFs equation, are defined| by the equations 

so that J,(a?) = HHa.^'K^) + H,,(2^(^)}, 

'5 -nix) = \ {e''^^^''\x) + e~""^ 'K^^\x)\. 

We shall only consider positive values of n and x, and as it is known || that 
Jyj(a?) has no zeros when <a?^% we shall, in general, take a?>:ti; when this 
is the case, we shall define /3 to be cos~^(^/^), where the principal value {i.e, 
the value between and \it) of the inverse cosine is to be taken ; and we 
shall write a? and n sec /S indifferently. 

It is to be noted that H,/^)(a?) and '^^^^(x) are conjugate complex numbers 
when n and x are real. 

3. We now introduce Debye's integral in a form suitable for our analysis ; 
we take the integral of Sommerfield's type, namely. 



2^ roO+TTl 



* * Math. Ann.,' vol. 67, pp. 535-558 (1910). 

t Hankel, ' Math. Ann.,' vol. 1, p. 472. This must, of course, be distinguished from 
Neumann's function Y^'*^(^^), which is (log 2-y) J^ (^) + |Y,X^). 

t The function Y^C^), which is equal to Y^{w)l7r when n is an integer, is employed by 
Gray and Mathews ; extensive tables of G^(^) are published in * Brit. Ass. Eeports,' 
1913-1916. 

§ Hankel, * Math. Ann.,' vol. 1, p. 472 ; Nielsen, * Cylinderf unktionen,' p. 17. 
' Lond. Math. Soc, Proc.,' (2), vol. 16, pp. 153, 165. 
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and, observing that ?isec/3sin}i ^6'— -m^, qiid function of w^ has stationary 
points at 'W = + ij3, ^ve take as the contour of integration a portion of the 
curve on which 

I(secy8sinh?/?— 16') = I (sec /3 sinh ^yS — 1/3), 

in accordance with the principles of the method of steepest descents. 

E'e:xt define anew complex variable t by the equation lo^t + if^, and 



we get 



H,/l)(n sec/3) = —. g'»(tan^-^) 



e-'''' dt, 



where — . ^ = sinh t-^t-hi tan /3 (cosh ^ — 1 ). 

To investigate the form of the contour we write tc-\-w for t, where itj v, uve 
real ; regarding tt, v, as Cartesian co-ordinates, the equation of the contour is 

sin (/3 + ^) cosh 1^ = sin y8 -f- ^* cos ;8. 

This curve has a double point at the origin,^'^ and the lines v = — ^8, 
^ = TT— /8, are asymptotes ; the branch of the curve which passes from 
(—00, — /9) to the origin and thence to (cc , tt— /3) forms a contour of the 
requisite type ; at any point of it %i and v are both positive or both negative, 
while dvjcUi is always positive. As t describes the contour, r is real and 
decreases from -f- go to (at the origin), and then increases to ^'^ ; the 
value of T on the contour is 

'//y —sec ^ sinh '^^ cos ('^ + /3). 

4. We can now embark on an investigation of the existence of zeros of 
J?^(^X ^^d obtain a rough approximation to their positions. 
Since each of the integrals 






e"''Ulu, 



■CO 






is positive, it is clear that, if we regard ^ as a variable, and if we define 

1*30 +irt— 1/3 

arg e"^^^ dt 

J_co-r/3 

to be a positive acute angle when /3 = 0, and to vary continuously with /3, 
it will ahoays be a positive acute angle ; w^e shall call bhisangief^, and then 
define the angle i/r by the equation 

^^ = ^(tan^— -yS) + %. 

^ This statement, together with those immediately following, is contained in Debye's 
paper. I have proved further, ' Camb. Phil: Soc. Proe.,' vol. 19, p. 105 (1917), that dvjdM 
cannot exceed ^/3. 

t From the footnote to §3, it follows that- < x <! I^J"- 



The Zeros of Bessel Functions. 193 

It is clear that 

i H^^i) {n sec ^) = pc:'"^ 

where p is positive ; the precise vahie of p is 

7rJ-co-ri3 

It is evident that 
and so the only zeros of ^n{^) are derived* from the vahies of tt, 27r, Stt, ... j, 

of l|r. 

It will now be shown that, as x increases, -v/r also increases ; and so to each 
of the specified values of i^ corresponds one and only one ]3ositive zero of 

Since tan -vfr = ~3n{x)lTn{x), 

it is clear that 

^ jr ^ ^n {X) Tn {X) - Sn {x ) Tn jx) _ 2 j (iTO!) 

dx ;5n\x) + Tn\x) ^,?{X) + Tr?{xy 

by a well known formula. The last expression is positive, and so i|r is an 
increasing function of x. 

Hence, as x increases while n remains fixed, i|r increases steadily, and so 
it passes through the value mir once only (771 being any one of the integers 
1, 2, 3, ...), and, when 'y^r = mir, /S has a value such that 7i(tan ^ — /3) lies 
between (m— i) ir and mir, 

For example, taking n = 1000, ^ = -J-tt, we get nir"^ (tan /3-~j8) equal 
to 218*0, and the value of T^rTr"^ with these values of n and /3 exceeds this 
by a positive number less than \. Hence JioooC'^) has 218 zeros between 1000 
and 2000. 

5. The results just obtained concerning the zeros of in{x) are derived from 
the theorem that dyjr/dx is not negative. More precise results can be obtained 
from the deeper theorem that d')(/dx is not negative ; this theorem we now~ 
proceed to prove. 

It is easy to show that 

d^^^/dx = dy}r/dx — 7i d (tan y8— /3)/<i^ 

' ^ 2 y/{x^-n^) 

7rx{Jn^{x) + Tn^(x)} X 

and so the required theorem is equivalent to the theorem that 

* Since x ^ ^ * ^^^ ^^^ (3 — ^^0, it is evident that -v//" is never zero ; and since 
Jn(~^)— e±i^^^^, Jn{^) it follows that there is a one-one correspondence between the 
positive and the negative zeros of Jh(.^'). 



194 



Dr. G. N. Watson. 



Now, if x-*(x> while % is fixed, the limit of the function on the left is 2/7r; 
and, consequently, if we can prove that (^^-'?^^)^{Jn^(a?)4-Tw^ (^')} is an 
increasing function of x {i.e., that its differential coefficient is not negative), 
we shall obtain the desired result. 

The theorem that {x^—7i?)^{Sr?{pG)'\'Tr? {x)} is an increasing function of x 
seems to be of a deeper nature than might have been anticipated; for 
example, the proof of it is much more elaborate than the proof of the 
theorem"^ that 

ir?{:^H{xSr:{x)YI{x^^n^) 
is a decreasing function of x. 

Take the formula given by Mcholsonf 



(*x> 



Sn ('^) + T^^x;) = Stt ^ Ko (2a? sinh X) cosh 2n\ d\, 

Jo 

whence the derivate of (x^—nP)^{Jn^(x)-i'Tn^(x)} is a positive multiple of 



(*oo 







{^jKo {2x sinh X) + 2 (x^—oi^) sinh X Ko' {2x sinh X) } cosh 2nX dX. 



To prove that this is positive when x ^ 7i, we transform it by integrating a 
portion twice by parts, thus 



•00 



2n^ I sinh XlW(^^ sinh X) cosh 27iX dX 





01 sinh X Ko' {2x sinh X) sinh 2nX 



Jo 



00 



n 



■CO 

{cosh X Ko' (2x sinh X) 







+ 2.2? sinh X cosh X Ko'' (2;2? sinh X} sinh 2nX dX 



'CO 



— 01 1 2rtf sinh X cosh X Ko (2x sinh X) sinh 2nX dX 





— ^ sinh X cosh X Ko (2x sinh X) cosh 2^X 



Jo 



CO 






00 



-f {^ cosh 2X Ko (2^.^ sinh X) 

Jo 

4- 2.'z^^ sinh X cosh^ X Ko' (2x sinh X) } cosh 2nX dX ; 

the result has been simplified after the first step by using the differential 
equation satisfied by Kq. 

^ ' Lond. Math. Soc. Proc./ (2), vol. 16, p. 169. 

t * Quart. Journ. Math.,' vol. 42, p. 221 (1911); a complete proof of this formula 
requires an investigation similar to that given below in §8. As usual, K^d) is the 



'oo 



Bessel function of Basset's type; it is equal to e-^^^^'^'^ d(j>^ and it satisfies the 

Jo 

differential equation 
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Consequently we have 



A cl 



(a/JC' I 

•oo 

= {--2x sinh^ X Ko (2^:? sinh X) — 2a?^ sinh^ X Ko' (2^ sinh X)} cosh 2^X dX 







'CO 







— 2x sinh^ X Kq (2^- sinh X) 



^ 1 

— ^ sinh^ X sech X — Ko (2^ sinh X) > cosh 2nX fZX 

rco r 

0^ Ko {2x sinh X) s — 2 sinh^ X cosh 27^X 







6Z 






-f- -— (sinh^ X sech X cosh 2?iX) > d\, 

on integrating the second portion of the integral by parts. 
Now Ko {2x sinh X) is positive, and 

-— 2 sinh^ X cosh 27^X + — (sinh^ X sech X cosh 2n}C) 

d/K 

= tanh^ X cosh 27^X + 2n sinh^ X sech X sinh 2^X 2: 0, 

so that the last integral has an integrand which is not negative, Le, 

It follows at once that 
{a?-n'f{Sr?{x)^-Tn\x)} ^ Lim [{x'-')v'f{3:\x)-]rTn^{x)}-\ = 2/7r, 

X -* CO 

and so, from the formula given at the beginning of the section, 

d^/dx ^ 0. 

6. It may be observed, in passing, that Ko (2,5? sinh X) is a decreasing 
function* of x, when X is assigned, if x^O (whether x be greater or less than 
n) ; it follows from Nicholson's integral that 

J n \X) -T In \X) 

is a decreasing function of x. 

Since Jn(x) is an increasing function of x when 0<^x'^n,'\ it follows 
a fortiori that Tn^{x) is a decreasing function of x in this range; and since 



^ This is evident from the formula 



00 







e-^Goshii> clcj). 



+ ' London Math. Soc. Proc.,' (2), vol. 16, p. 165. 
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T„( + 0)=-— CO J it is now evident that, when isx-^n, —Tn{x) is a positive- 
decreasing function of x, 

7. From the result of § 5 we can estimate bounds for p^ when n is given. 

We have 

and, from HankeFs asymptotic expansion, when x is large, 

J,,(^) + ^T,(^) =: fl^%^"-*<^^+i^-^.{l + 0(l/a;)}. 

yrrocl 

On comparing the arguments of these two expressions, we see that, when x-- 
is large and n remains fixed, 

p^ = ^ — (I qi + -|) ir—A^^ {x^ — 11?) + n cos"" ^ {njx) + 1 tt + {IfoS). 
Hence Linix=i7r. 



X-^ 00 



Also, when x = ti, we have 

and so, when a? = ^^, % = tan"^ { — J^i(w)/T,e(m)}, 

the expression on the right being a positive acute angle. 

Since clxidx is not negative, it follows that, when x >: n, we have 

tan"i { — J«(W')/T« W } ^%< i'TT. 

To form an idea of the magnitude of the lower bound of x we write down'* 
Debye's formulae, valid for large values of n, namely, 

whence it follows that 

Lim {— Jn(«.)/T„(n)} = 1/^/3 = tan-iTr. 

We write tan"^{— J,^(^^)/T»0^)} = 7«, 

so that Lim7„ = -|-7r; 



«. ->• CO 



and it appears from Debye's formuhe that, when % is sufficiently large, «y,j is^ 
an increasing function of n. 

The following Table gives the sexagesimal measure (to the nearest half- 
minute) of the angle whose circular measure is jn ; it exhibits the closeness- 
of 7n to its limit, even when n is quite small :— 
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2, 



3. 



O OQ/ 



2r 38 



O AKf 



29° 45 


















«.. 


4. 


6. 


8. 


10. 


12. 


CT) . 


Jn 


t 


29^ 56^' 


29° 57^ 


29" 58' 


29^ 58|' 


30° 



A more precise estimate than the estimate of § 4 can now .be made for the 
positions of the zeros of Jr^'^^ ^^^ ^)i where /3 is regarded as the variable ; for 
'^ = jiinT when /9 has some valne for which 7i(tan/Q— ^) lies between 
{m — \)7r and niTr—fyn] and the difference between these two expressions 
(when n is not small) slightly exceeds i-^ir. 

(S. The Table just given indicates the possibility of the truth of the propo- 
sition that — J„, (7i)/T,i(7^) is an increasing function of n for all positive values 
of n. Of this proposition we shall now give a formal proof. 

It may first be pointed out that (with the notation of § 3) 



J,,(f^)-f'i''T„(ri) — 



1 



CO + -m 



er^'^dt, 



■ ■:tj 



where the contour consists of the negative part of the real axis and a curve 
on the right of the imaginary axis ; it follows that 

1 ^- 



Jn(^0 



T,(^) 



IT 



,--nT 



a/v 







1 r^ 1 f'^' 

•~ er''^ du ■■{■■'- er'"-'' du, 



and the presence of the first integral in the expression for —Tnin) seems to 
render it impossible to apply successfully a method which has been employed* 
in proving theorems concerning pairs of Bessel functions of the first kind. 

It is, however, possible to construct a proof with the aid of Hardy's 
theory t of divergent integrals. The theorem to be proved is, effectively, that 

an a7h 

Now the expression on the left is equal to 

|J4'^)|^T.(-9.O^T,0:.;)|^ J,(^;)} + J^,(x) ^Tn(x)-TUx) ™ Jn(^)|, 

^ 'Lond. Math. Soc. Proc.,' (2), vol. 16, pp, 161-165. 

t ^ Quart. Journ. Math.,' vol. 35, pp. 22-66 (1904) ; 'Cainb. Phil. Soc, Trans.,' vol. 21, 
pp. 1-48 (1908). 

VOL. XCIV.—-A. R 
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where x has to be put equal to '// iifter t^he (liffereBtiati.ons have teeiv 
performed. 

li we replaee the Bessei functions in the iirst part of this expression by 
Hankel-JsTielsen functions and apply the theorem quoted in § 4 to the second 
part of the expression, it is evident tliaX we need to prove that 



nwi 



H< 



1 



(j 



' on an ' , 



+ 1 := 0. 



X = '//. 



'Wike the foi 'nudre 

'TTl J „-. CO 

in ^vdlich it is permissible to differentiate witli regai'd to //. under the sign of 
inteLn:ation. 

t 7 

From the manner in which the inte^'rand tends to zero as vj -^ go on the 
contour specified, it is easy to see that we may introduce an exponential 
factor of Hardy's type, so that we get'^ 

By Cauchy's theorem the contour may be deforuied into tlu3 line 
I (ta) = I'H", so loiig as X ::^ ; writing ii + h7ri for «', where v. is real, we see 
that 



1 



•jO 






00 



As j exp (ia^ cosh w — m/') 1 does not tend to zero as /w ■-* — oc , it is uo longer 
necessarily permissiblef to interchange tin* liniitiiig ]:)rocess with tlie pro<*.ess 
of integration. 

In Hardv's notation the last result is written 

1 



j .'■"'CO 



the expression on the right being described as a "generaHsed integt^al'' 
In like maniuu', we lind thiiit 

1 



'n,Pi^^ 



-:^>"' V(t e 



TTl 



,.r ;,'-('(»Hi) l; •■ wU //'^ ^ 



with an imphed exjjonentia! factor^ exp { — X(IJ — l-^i)^}, 

■^ That is to say, tlie sign iiin is coninmtative wsth the integral sign ; ihh will not \m 
the case with s^ibBequeiit iiitegrak. 

t 6*/". Bromwieli, 'llieory of Tniinite Seriei^,' p. 42;"^-. 
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By.considei'in" the contour integrals qvioted. earlier in the section, it is 
easyto sec ^tliat tli(3 differeiitiatioTj witli rega-rdto n is .commutative, with the 
G -integral signs. 

We now substitute the (x-integrals in the expression 



V 



o 



' an on 



and since tiie necessary conditions concernino; convemence are satisiied for 
finy assigned positive vahie of \, we may regard the produx't of two integrals 
siieh as 



(*ao 



•€C 



,H (u)/(u) du X c, (U) F (U) dU, 
(where ^i, 62, denote the ex])onential factors) as a double integixd 

ei{:ii)e2(\5)f{v)¥{\])^{d\}dM). 






We thus find that 



77' 



an m 



X — 71, 



C/J 



■00 



(1 



(tt-j — 1 J + u) ('"' ("»■'''' " -'^os'" 'f)^ " ("-+ ") {dXJ d/L), 



■00 



where the factor exp {— X(?f 4-|7r'/)- — X(l] ----|7r/')^) Ih implied by the 
STmbol 6. * 

We now dhant^e the variables bv writimi; 

ilie usual transformation fornnila liolds, in view of ' the presence of the 
exponential factor; and the in t(^gral becomes-. . 



'X 



2G 



r<0 

, {7ri + 2?;) f ^'^^^^'!^^ ^^"^'^ ^ :^^^' (d^ dr}\ 



y; 



with an im]:)lied facto]* 

exp { ™" 2X, f -- 2X (-^ -4- J Trt)^} . 

In view of tlie al>sohite convergence of theintegralj we may replace it by the 
repeated integral in which tlje integration. with regard to ^ is performed first 
We therefore consider 

o ■ ■ . ■ .■'■•'■ 

{ttI -f- 2?;) exp j — 2X ('x; -f- 1 iri'f + 2/u sinh f sinh 1; } d^t). 
'File jooduhis of this integral cannot exceed 



r«c- 



J .— 00 



(tt -f 2 1 7; j ) exp ( ^ 2X7^^4- -^ Xtt^) d^ ^ ' '-{ (2X)r ^^tt^^' 4- V'^ } exp (i Xtt^).' 



M 2 
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Further, when f is positive, we may deform the t|-pafch of iotegration into 
the contour I ('^) = |-7rf ; on writing i| = t?4-J'ri where v is real, the integral 
becomes 



x> 



2 



(;v + iri) exp { — 2X (-y -f 7^^)^ ~ 2?i. sinh f cosh ?; } «'!'?? 



— CO 



roo 



2 exp (2X71^) . {v 4- tt^) e~"2« smh icosii .- ^£^, 



— 00 



00 



^- 2 exp ( 2X'/T 2) , (^t) ..f Tri) { 1 - exp ( - 2X^*^ - 4X1;'7r^) } ^. ^ '^'' ^^"^^ ^^ «^^^^ ''' dv 



4:wiexp(2k7r^) . 



oo 



^—S'rtsmh^coshv ^|^, 







CO 



"f 4 exp (2X77^) . [?>;sin(4X7r'?;)exp( — 2X//) 







-+7ri{l— cos (4X7r'y) exp ( - '2X/iP) } ] ^? - ^'^ ^^^« ^'^ ^* ^^^'^^ '^^ #/;, 

on bisecting the ranges of integration and (combining the integrals so 
obtained. 

We now approximate to 

^ sin (4X7r^) exp ( — 2X'Z?^) + tt { 1 — cos (4X7i'^) exp ( — 2Xv^) } . 

The niodnlus of this expression does not exceed 

] V sin (4X'7r^) exp ( — 2\v^) 4- tt { 1 — cos (4X'?rt^) } 

4- 7r I cos (4X7ri;) | { 1 — exp ( -- 2X?;^) } 

:s 4cX'3TV^ 4- 27r sin^ (2X7r'y) + it . 2X1.?^ 

:s~ # (6X7r + 8X%^). 

Hence, when f >0, we have (for some value. of \0\ not exceeding 1) 



•CO 



('7ri4-2?;)exp { — 2X(?;-f |*ri)^4- 2msinh f sinh'^} vItj 



— X 



'00 



47rf: exp (2X7r'2) . | e-^''^'"'^'^^'''^'' dv 





+ 2i0 (BXw + 8X%3) exp (2X?r2) . 
4:7ri exp (2X7r^) Ko (2^i sinh ^) 
4-2^6^ . (6X7r+8XV)exp(2X7r^) 



!» 



rp20~-2n sinh. f cosli v ^/^» 



00 



a 



^ :-^ 



.dm/ 



■i2 



„»j|)^2» s In !i ^' ('Ayah v J^^ 



' 'x;- 



m=0- 



The last integral is equal to 2sec(m7r)K„,(2?isiohf), where Km denotes 
the Bessel function of Basset's type expressible in terms of ''the Bessel 
functions with imaginary argument "' by the formula 
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We shall wmie 



By rising eontoiir integrals of BariieB* type* in¥olT,ing G-ainma-fmncfcions, it 
is easy fco see that, when f is small, 

F,(f) = o{(iogr)n. 

while, when f is lai|je, 
ThiiB, when, f > we ha¥e 






(wi + 2f|) exp I — 2k (f I + -| wi)^ + 2f it sinh | Binh f } elf 

where j#j:sl. 
Next consider 






(V-i -f 2f ) exp { — 2X (f "f -| mf + 2'»i smh f siiih f|}_ cl% 

when |<.0; we iiiliy deform tha path of iiitegTatioii into, the contour 
.1 (^) =r ^^wi : on wi;itiiig ii««-|frf for % where t^ is real, the integral becomes 



f 



tjj. 



2v exp { — 2X# + 2'» sinh f cosh #} citi = §, 



— X) 



ffliiee the integral is an odd function of t?, 
- We now return fco the repeated integral 

I I (^f* + 2i|) exp { — 2X. (^ + J 'Tf )^ 4- 2m sinh f sinh ^ } c% 

xexp(-2xp-^2fi|)cl|. 

On dividing the |-rarige of in.fcegratioii into three portions, {^m, — t), 
(— €, €>, (€, m }, and substituting for the f -integral in each portion we see 
that the repeated integral is equal to 



I 



01 (2X~ V-* 7r»/2 + X- 1) exp (| Xtt^) ex p (-- 2Xf - 2%^) (^| 



— e 



-f i 4wi exp (SXir^) ; Ko (2% siB,h |) 

+4# . (6Xw4^8X%'^)exp(2XOF|i)(2fssiiih|) |exp(--2^f ^2%|)a|,^ 

where | #i j < I, and € may he given a#f positive value* 

•5^ 'Omib, Phil. -Soe. Tmas./. vol 20,'PpJ53-^2^§.C19§^)> 
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The fii'Bt integral is etfual to 



woero 



hero |^2J < 1. 
Kow make 6">0: we liiid tiiat the mpeated iiitegral in equal k 



•00 



'4w^: exp (2X7r'^) . Ko(2?isinh f)exp("--2Xf >--2ti|)r/f 

J 

+ 4i (BXtt + 8X^7r«)^ 1 " ^ Fo (2^/; siuli ^) exp ( - 2XP - 27i|) fl?f , 



The second integral is converaerit iind its inodriliis does not exceed 



'ry 






Jo 



this is (inite and independent, of X. 

Further, in the first of the two integrals, the operation of proeeeding t 
the limit (when X~>0) is commutative with the integral sign, since- Ko tetid^ 
exponentially to zero as % -^ oo ; and therefore we have proved that 



o 



s 






/•x 



) rrr . Stt'i ' e^^'^^ ■Ki)i2n. smh |) d^. 



Hence we have 



Ififri 



a 



o 



,OT : '. on 



-f 1 



,T ~ « 



*<» 



1-27^ r"^'^^Ko(2^^shih|)<^|^ 

Jo 



or. 



^ 2^1/ ^ 



But 2r^ sinh (|-/^/^^) is a decreasing fiuictiori of Ji- when /i, is assig 
Ko is a positive decreasing function of its argiinierd; ; and so 



lied : aim 



'CO 



J U 



e"'^ K()l2n sinh. |- ) <:^/Li 



'^^^.^ 



is an increasing function of n, and therefore 



|- niri 



d 



H„W(,«) ^ H„<2)(«)-H„(=^'(,«) -^- H„(')(a:) 



+ 1 



X =' n. 



is a decreasing function of n. 

Now the last expression ib equal t 



I^TT^i 



an " (M 



and so this expression is greater than its limit when n 



-> QC 



The Zeros of Bessel Funetio'ris. 



;03 



Ikit, by Dtibye's formiibe, when n in large, 



H/)(.7.) 



Htt 



(;:i/:i ^r 



Hill ! - TT ) r 






?i 



i/n. 



-hJrx . 65/«eio-^/«Binf|7rU'fiV^~^'^-f... 



oo 



,3 



.3/ 



while H?/^^(?7.) is the conjugate of this complex nnniber : and so, Biiice term 
by-term differentiations are permiBsible, we have 



\nrri 



(in (ill 



l/(105n2)-.0 



as n ~> CO . 

Hence, for finite valueB of n, 



niT'i 



a 



d 



on on _„ a: = w 



1>0, 



and we have already seen that this is the condition that -~Jn('^0/'^»(^) 
.should be an increasing function of n. 

We have therefore proved the property of tiie Bessel function which was 
suggested by the Table given in |7. 

9. So far we have been concerned wdth what might be regarded as 
theoretical properties of the zeros of J/iOe): as regards their actual calcula- 
tion when a rough estimate has been obtained'^* for the value of the par- 
ticular zero required, if ^ is not small, Debye's asymptotic expansion is 
available ; the first tw'o terms of tins expansion are given by the formula 



Jn (n sec ^) -^ ( 



nir tan. ^ 



1 

cos 4 ntmi ^—^)—- ir 



1 



r- 



3 '1 ^ 

- - TT >- -f- . . . 



4- a 3 ( _: -f 2 cot- Q \ cot ^ cos -<! n (tan /9 — /S)- — - n r 
\o .24 / L ^ 4 J 

When^ is small, an approximation which I have recently conimunicatecl to 
the Cambridge Philosophical Society may be used, namely that, if /3 ^ Itt, 

Jy, ('/? sec /S) --- f tan /9 cos {%(tan/9 — i-tan^/3-— y9) — ^tt} . J - 1/3 (4- //. tan'\S). 

4- 1 tai I f3 cos { n (tan /3 — 4 tan/^ ^ — 0) 4- 1 tt) . J1/3 {^ n tan-' 0) 

with an error less than 24///, which is of low^er order of magnitude tlian the 
approximation (when n is large), except near the zeros of the function. 

I'o apply this formula it is necessary to have tables of the functions J^i: 
some Tables have been given by Dinnikf of the functions obtained by omitting 
the factors V (1 i 4). These are four-figure Tables with intervals 0*2 ; on 

''' By tlie resuifc obtained in § 7 or otlierwiae. 

t 'Arcldv der Math, und Phys.,' (S), vol. 18, pp. 337-338 (1911). , Tables of these 
fa notions are of importance, as the functions occur in various approsiniate forniul<je and 
al«o in the theory of elasticitv. 
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account of the oscillation of the functions (with period roughly equal to 27r) 
interpolation is impracticahle. I. have therefore constructed the following 
two Tables, involving not only the Bessel functions but also the associated 
functions TJ„j (x), Ym(^)> defined by the equations : 

J^ (03) ~ IJ.m (03) coK (;/; •— i miT — I tt) — Y-ni (<^') Bin i^f' — h mTT ' 

J „^j (x) ==: JJni ip) cos [X -f 4 TflTT — - j; Tt) — V„, (x) slu {p\~\- | Tint - 

When X is large, 1J;,7.(<'') and Yrnijx) have the well-known 
expansions 



1- '^). 

asymptotic 











d 













1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
I 
1 
1 
1 
1 
1 
1 
1 
1 
2 






Jx (a;). 



•00 


0- 


•05 


0- 


•10 


0- 


•15 


0- 


•20 


0- 


•25 


0' 


•30 


0^ 


•35 


0- 


•40 


0- 


•45 


0- 


•60 


0- 


•55 


0- 


•60 


0- 


•65 


0- 


•70 


0^ 


•75 


0^ 


•80 


0- 


•85 


0- 


•90 


0* 


•95 


0- 


•00 


0- 


•05 


0- 


•10 


0- 


•15 


0^ 


•20 


0- 


•25 


0- 


•30 


0- 


•36 


0- 


•40 


0- 


•46 


0- 


•50 


0- 


•66 


0- 


•60 


0- 


•65 


0- 


•70 


0' 


•75 


0' 


•80 


0- 


•86 


0- 


•90 


0- 


•95 


0- 


•00 


0^ 



(x) 



\Jr{x). 



moK) 
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OD 


3270 


2-5232 


2 -6937 


4118 


1 -9971 


2 -0801 


4703 


1 -7364 


1 -7768 


5159 


1 -6672 


1 -5833 


6534 
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1 -4447 
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1 -3440 


1 -3392 


6120 


1 -2602 
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given by Hankel ; these liiay be used for calculation with great accuracy if 



X > 8 when m = J . 

The integrals of Schafheitlin 



sm^ ^^ 



r(m~h^)r(i)Jo 8m 

which are- easily derivable froui Hankel's contour integrals, show at once tliat,. 
when m = fj and x is positive, IJiya (x) is positive and Yj/3 (re) is negative. 
Further, Viys (;>:)/ Ui/3(-e) increases algebraically with x, for 

Vy^(x)Yy^(0^)-~Uy:/(x)Yy,(x) 



J 



>4/3,,,V3 1 -^ 



u 






wbere 



lr(f)r(|)J 







"^-^■r(^'-^^o,-i.n4^Y{O,(l>)d0d(f>, 







F (0, 0) = 2 (sin sin ^)"' ''^'^ (cos cos cf>y-'^'^ (tan <p — tan 0) cos -|- sin -^ (p. 

Since F {6,(j>)~{-F {(j),0) is positive, if we interchange the parameters 0, (j>, 

in the double integral, and add the results so obtained, we find at once that 

Vy,(x)Yy^(a^~~JJy^(x)Yy^{a:) 
is positive. 
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Hence, as x iiicreaHeB frooi. to oo , it follows tliat yiiii(cc)/Ujp(x) steadily 
increases fro Hi — oot-j^^-'^ to 0, the limit of Vi^^)(Q3)/lJy^(c€) sYheii x->0 being 
•ilerived from its expression m terms of J.j,ys(Q:.). 

Now the approximate expression for J„(^?.see/9) may be written in the 
form 

tl« (i/^ sec/?) ^' '^"^ tan /3 cos {fi (tan /3 — /9)— :i;7r} \Jy,i (l^n tan^' /3) 

— 0-5 tan 13 sin { ib (tan /3 — /S) — i tt} Ym (i^^ t'^n.^ ^). 

Hence, %vhen /9:^|7r, t'lie zeros of J„(«.. sec^Q) are given approximately by 
the equation 

cot {u(i.mi/3-/3)-l7r} r=: Yj/,(fH. tan-^/9)/Ui/,(lvi tam^/i). 

If we draw the g rap! is of the fniictions 

Yys(^ntmv\/3)/\Jyt>(Jrn tan'^^), cot {v/,(tan /5~-/3) — |7r}, 

we see, that, near the intersection of i h(^ graplis the former has a povsitive 
slope and the latter a negative slope, and a good estimate of the value of 
^71 tan-' at the intersection can be obtained by taking values of /9 on each 
side of the intersection and tiien nsing the principle of proportional parts. 



The Electrostatic Problem of a Condiwt/mg Sphere in a Spheric 

Ccivifyy. 
By Alexandkr .Eusskll, M.A., D.Sc, 'M,LE.E, 

(Communicated by Dr. C. Chi'oe, F.li.S. Eeceived Octofjcr t, 1917.) 

The mathematical problems which arise in connection with spherical 
electrodes have often, heen discussed. A restmid of them is given in 
Chap. VIII, Voh I, of the second edition of the author's treatise on ' Alter- 
nating Current Theory/ The problem, however, of a sphere in a spherical 
cavity has barely been considered. Sir W. Thomson* (Lord Kelvin) gives 
numerical results which he says were calculated for application to the theory 
of conducting spheres " in the interior of a hollow insulated and electrified 
conductor." As a matter of fact, hosvever, the numerical results given apply 
only to two equal conducting spheres external to one another. 

Solutions for the capacity between two spheres have been given for the 
case when the centre of the sphere is close to the centre of the cavity. Tliese 

^* ' Ikvprinfc,' p. 96. 



